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We examine the internal structure of two-mode entanglement criteria for quadrature and number-
phase squeezed states. (i) We first address entanglement criteria obtained via partial transpose of
Schrodinger-Robertson inequality, which are stronger due to the presence of an extra term. We show
that this extra term performs an optimization, on the two intra-mode rotations, for the variables
mixing in the entanglement criterion. We demonstrate this both for quadrature and number-phase
squeezed states. (ii) We realize that Simon’s criterion performs this optimization automatically. (iii)
We derive a Simon-like criterion for number-phase squeezed states which can also be generalized to
other states, e.g. amplitude-squeezed states, for the proper choice of observables. (iv) We present
an entangling scheme in terms of product of the noises of the two modes, i.e. noise-area. (v) We
numerically show the following. We consider an entangled state. We minimize the noise-area for
the product form of the Duan-Giedke-Cirac-Zoller criterion, by Mancini et. al., with respect to
intra-mode rotations. We observe that this noise-area is the input nonclassicality that a beam-
splitter necessitates to generate the exact amount of entanglement this particular state possesses.
(vi) Additionally, we define an alternative entanglement measure for Gaussian states. We also raise
some intriguing questions, e.g., on an easier definition of an entanglement depth for number-phase
squeezed states.
I. INTRODUCTION
In the new century, quantum optics showed fascinat-
ing progress, which quantum mechanics has performed
in the past hundred years. Technologies and phenom-
ena like quantum cryptography [1], quantum teleporta-
tion [2], measurements below standard quantum limit [3]
and quantum radars [4] are made possible by quantum
nonclassicality, e.g., entanglement, which became a well-
experimented area. Progresses in plasmonic nano-optics
made analogs of quantum optical effects —like electro-
magnetically induced transparency (EIT) [5] and en-
hancement of the nonlinear index [6]— observable in less-
controlled systems such as nanoparticles [7–9]. Fortu-
nately, plasmon excitations can also support nonclassical
features as long as molecules. Ref. [10] shows that this
time is longer than 10−10 sec. In addition to plasmonic
structures, epsilon-near-zero (ENZ) materials can main-
tain/tranfer coherence for longer distances [11].
Nonclassical states, like squeezed and entangled states,
possess implementations which are not possible with clas-
sical states. The most popular one is the quantum-precise
measurements in LIGO experiments [12]. Nonclassicality
presents itself in different forms: single mode nonclassi-
cality (SMNc), e.g. squeezing, two mode entanglement
(TME) and many-particle entanglement (MPE). Similar
to “energy” in classical mechanics, nonclassicality can be
transformed into different forms. A well-known one is
the creation of TME through a beam splitter (BS) when
a SMNc light is used as the input state [13, 14]. Trans-
fer of quadrature-squeezing (SMNc) into spin-squeezing
(MPE) [15–17] is also a well-known technique for creat-
ing many particle entangled atomic ensembles. TME can
also be transferred into MPE [18, 19].
There are recent studies on conservation of nonclas-
sicality between SMNc and TME in a beam splitter
(BS) [20–23]. One could expect similar studies to appear
in near future on the conservation between SMNc and
MPE in a squeezing transfer process [15]. Besides the
conservation of nonclassicality, it is demonstrated that
criteria for SMNc, TME and MPE can be derived from
each other [24–26]. These relations show up after one re-
alizes that the quasi-particle excitations over an ensemble
becomes single-mode nonclassical if the ensemble display
many-particle entanglement.
Despite the fascinating progresses in experimental
quantum optics and quantum plasmonics, achievements
in nonclassicality tests move rather slow. The field is
especially stuck in obtaining measures for TME. The
common methods for obtaining criteria for TME can be
overviewed as follows. (i) One can deduce TME criteria
by introducing inequalities that can be satisfied only for
separable states [27–30]. Violation of the inequality wit-
nesses the presence of TME. One can also utilize a con-
dition which states that a separable state yields a physi-
cal state under partial transpose (PT) operation [31, 32].
(ii) This condition can be utilized in Heisenberg uncer-
tainty relation (HUR) [33, 34] or Schrodinger-Robertson
(SR) inequality [35, 36] for obtaining TME tests. (iii)
Similarly, an operator to stay positive-definite under PT
operation can also be utilized as a TME test [37–39].
(iv) One can also relate SMNc, TME and MPE to each
other and obtain new criteria [24–26]. The main draw
back of the criteria in use is each works for a spe-
cific class of states. For instance, Duan-Giedke-Cirac-
Zoller (DGCZ) criterion [27] (or its product form by
Mancini et al.) and Simon-Peres-Horodecki (SPH) cri-
terion [40] work well for quadrature-squeezed like states,
while Hillery&Zubairy (HZ) criterion [30] works fine for
number-phase squeezed like states.
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2There is one another method witnessing the non-
classicality of a single or two mode state. It relies
on the negativity (or nonanalyticity) of the Glauber-
Sudarshan P (α1, α2) function [5]. It utilizes the com-
mutances in normal-ordering. One transforms an opera-
tor, Oˆ, into normal ordered form of a positive-definite
function. Expectation value of a normal-ordered op-
erator can be represented by P -function, i.e. 〈Oˆ〉 =
〈Oˆ1〉 +
∫
d2α1d
2α2P (α1, α2) (. . .)
2. Hence, negativity of
〈Oˆ − Oˆ1〉 witnesses the negativity of the P (α1, α2) func-
tion. Here, (. . .)2 is the normal-ordered form of opera-
tor Oˆ, with aˆ1,2 → α1,2. The major problem with this
method is: one cannot distinguish weather the origin of
the negativity is (a) the TME between α1 and α2 modes,
or (b) the SMNc present in the single-mode states α1,2,
or (c) a combination of (a) and (b).
Therefore, developing an understanding on the inter-
nal structure of entanglement and noclassicality criteria
has crucial importance in achieving progresses in the en-
tanglement detection and quantification methods. The
aim of this manuscript is not to derive new entanglement
criteria, even though we also do so, but it is to explore
the internal mechanisms of inseparability criteria. Such
an understanding, as we see below, is important in orga-
nized deduction of entanglement tests. We kindly remind
that, such an understanding on the MPE-SMNc connec-
tion made us derive an MPE criterion for superradiant
phase transition [24].
In this manuscript, we aim to explore the internal
structure of two mode entanglement criteria derived via
methods (i)-(iii). First, (1) we re-examine the entangle-
ment generation in a beam-splitter. We present a geo-
metric interpretation in terms of initial and final noise-
areas of the two-modes. Noise-area is defined as the prod-
uct of the noises in the two modes, which refers only to
the SMNcs in the modes, i.e. not to two-mode corre-
lations. We show, in Fig. 1, that noise-area increases
(SMNc decreases) as the two modes are mixed more and
more in the BS. We show that the increase in the noise-
area is proportional with the entanglement. In order to
show this relation, (2) we define a new entanglement mea-
sure in terms of nonclassical depth of a two-mode state.
(3) We show that in order to obtain a stronger TME
criterion, one needs to take care of the intra-mode ro-
tations in both modes, i.e. aˆφ1,2 = e
iφ1,2 aˆ1,2. We show
that the extra term in the SR inequality, compared to
the HUR, takes care of an optimization with respect to
the intra-mode rotations. This is also true for criteria
on number-phase squeezed states. (4) We discuss that
SPH criterion [40] takes care of the intra-mode rotation
optimization automatically.
Next, (5) we present our intriguing observations on the
noise-area and TME criteria. We calculate the entan-
glement strength (log. neg. EN) of an entangled state.
We minimize the product (∆u˜)2 (∆v˜)2 —appearing in
the product form of the DGCZ [27] criterion (Mancini et
al. [28])— for this state with respect to intra-mode rota-
tions. Interestingly, [(∆u˜)2 (∆v˜)2]minφ1,φ2 is the noise-area
(nonclassicality) input which a BS requires for generat-
ing exactly EN amount of entanglement. (6) Inspired
from this observation, we discuss if TME criteria some-
how search for a noise-area below 1.
Next, we focus on number-phase squeezed like sates.
(7) We observe that eigenvalues of the noise matrix de-
fined for number-phase squeezed like states do not change
for rotations and displacements in the number-phase n-Φ
plane. Inspired from this observation and the intra-mode
rotational independence of the SPH criterion, mentioned
in item (4) above, we derive a Simon-like criterion for
number-phase squeezed like states. This criterion, simi-
lar to SPH, can take care of intra-mode rotations in the
n1-Φ1 and n2-Φ2 planes automatically.
We aim to present an understanding on the internal
structure, anatomy, of entanglement criteria. We believe
that our observations will stimulate new works against
the stillness present in the field treating entanglement
and nonclassicality criteria. We underline, in advance,
that we aim to present intriguing relations and questions.
We do not aim to present formal proof for our findings.
The paper is organized as follows. Sec. II deals with
Gaussian states. In Sec. II.1, we review the SMNc fea-
tures of Gaussian states. We introduce noise matrix and
nonclassical depth. In Sec. II.2, we derive the two-mode
noise matrix at the output of BS. In Sec. II.3, we dis-
cuss that logarithmic negativity EN at the beam-splitter
output actually deals with the noise-area of the input
state. In Sec. II.3.1, we derive the output noise-area
Ω(out) for a BS input with a general (separable) Gaussian
state. In Sec. II.3.2, we derive an alternative measure for
TME, in terms of nonclassical depth τent. We show that
the change in the noise-area after the BS, Ω(out) −Ω(in),
is proportional to τent. We demonstrate the noise-area
change (increase) in Fig. 1. In Sec. II.3.3, we discuss
if an entangled state can be rewound in a BS and be
checked for a noise-area below unity, as a witness of en-
tanglement? In Sec. II.3.4, we demonstrate the deriva-
tion of nonclassicality conditions from the P -function.
In Sec. II.4, we show that the extra term in SR inequal-
ity serves as a optimization for intra-mode rotations. In
Sec. II.5, we present our intriguing observation on the
relation between the noise-area and TME criteria.
Sec. III studies number-phase squeezed like states. In
Sec. III.1, we study the single mode nonclassicality fea-
tures of number-phase squeezed states: rotation and dis-
placement (in the n-Φ plane) invariance of noise ma-
trix eigenvalues. In Sec. III.2, we show that the extra
term in the SR inequality performs optimization with re-
spect to the rotations in the n1-Φ1 and n2-Φ2 planes. In
Sec. III.3, we derive a Simon-like criterion for number-
phase squeezed like states. It deals with intra-mode ro-
tation optimization automatically. In Sec. III.4, we de-
rive an SR inequality for nˆ1,2 and ˆΦ1,2 operators and
show that it is stronger than HZ criterion and criterion
by Raymer at al. [29]. In Sec. III.5, we present our ob-
servation on a possible relation between the noise-area
and the HZ criterion, a criterion which works fine for
3number-phase squeezed states.
Sec. IV contains our summary.
II. GAUSSIAN STATES
In this section, we focus on the nonclassical properties
of Gaussian states.
II.1. Properties of nonclassical states
Nonclassicality features of a Gaussian state can
be represented solely by a covariance (noise) matrix
V
(r)
ij = 〈uˆiuˆj〉/2 − 〈uˆi〉〈uˆj〉 [41] where the vector u =
[x1, p1, x2, p2] and u = [x1, p1] for a two-mode (TM) and
single-mode (SM) state, respectively. For a Gaussian
state, the Wigner function (x, p-representation) can be
written as W (u) = exp(−uV (r)u†/2).
One can transform the real noise matrix into the com-
plex form u(c) = [α1, α
∗
1, α2, α
∗
2], by transformation ma-
trices [42] T1 = [1, i; 1,−i]/
√
2 and T2 = T1 ⊗ T1 for SM
and TM states, respectively, as V (c) = TV (r)T†. Here,
α1,2 = (x1,2 + ip1,2)/
√
2. u(c) for a SM state can be
expressed similarly.
Noise matrix for a single-mode (SM) Gaussian state
can be written as
V (c) =
[
a b
b∗ a
]
, (2.1)
where a = 〈aˆ†1aˆ1〉 + 1/2 and b=〈aˆ21〉. A SM Gaussian
state is nonclassical if |〈aˆ21〉| > 〈aˆ†1aˆ1〉 , i.e. for |b| >
a− 1/2. Eigenvalues of V (c), Λlg,sm = a± |b|, determine
the largest (lg) and smallest (sm) uncertainty possible
in this state. The noise is reduced below the standard
quantum limit (SQL) if Λsm < 1/2. For enabling an
easier comparison, we define λ = 2Λ, where λ < 1 implies
the quadrature squeezing or the SMNc of the state.
One can rotate the operators x1-p1 plane via aˆφ1 =
e−iφ1 aˆ1 and align the xφ1 in the largest or smallest un-
certainty direction. For instance, if one examines the
noise of xφ1 one can obtain
〈xˆ2φ1〉 = 〈aˆ†1aˆ1〉+
1
2
+
1
2
(be−i2φ1 + b∗ei2φ1). (2.2)
In order to obtain the minimum noise, one chooses φ1
such that the last term in Eq. (2.2) assigns the mini-
mum possible value, that is −|b|, by choosing e−i2φ1〈aˆ21〉
to have a (negative) phase e±ipi. Largest uncertainty is
obtained by setting the last term to +|b|. Fortunately,
eigenvalues of matrix (2.1) performs this automatically.
In a quadrature-squeezed state 〈x2φ1〉 = e−2r/2 = a− |b|
and 〈p2φ1〉 = e2r/2 = a+ |b|. We note that, for brevity, we
assume that a unitary transformation is performed [42]
in operators, which does not change the noise properties
of the matrix determining the SMNc features.
Nonclassicality of a state can as well be quantified with
a nonclassical depth τ [43]. τ is defined as the minimum
of the value in
R(α, τ) =
1
piτ
∫
d2α′ exp
(−|α− α′|2/τ) P (α′) , (2.3)
which makes Glauber-Sudarshan function P (α) an an-
alytical and positive-definite probability distribution.
That is, it transforms the P (α) of a nonclassical state
to the one of a classical state. The Gaussian function
in the integrand is a nonclassicality filter function [44].
d2α ≡ dαRdαI is a two dimensional integral over the real
and imaginary components of α.
For Gaussian states, entanglement depth can be simply
determined [43] as τ = max{0, 1− λsm}. Nonclassicality
becomes nonzero for noise λsm below unity.
II.2. After the beam splitter
When we mix the V
(c)
1 state, V
(c)
1 = V
(c) in Eq. (2.1),
in a beam-splitter (BS), with a Gaussian state of noise
matrix
V
(c)
2 =
[
a2 b2
b∗2 a2
]
, (2.4)
we obtain the two-mode noise matrix
V
(c)
BS =
[
A C
C† B
]
(2.5)
with A, B, C
A =
(
a1 cos
2 θBS + a2 sin
2 θBS b1 cos
2 θBS + b2 sin
2 θBS
b∗1 cos
2 θBS + b
∗
2 sin
2 θBS a1 cos
2 θBS + a2 sin
2 θBS
)
,
(2.6)
B =
(
a1 sin
2 θBS + a2 cos
2 θBS b1 sin
2 θBS + b2 cos
2 θBS
b∗1 sin
2 θBS + b
∗
2 cos
2 θBS a1 sin
2 θBS + a2 cos
2 θBS
)
,
(2.7)
C = sin θBS cos θBS
(
(a1 − a2) (b1 − b2)
(b1 − b2)∗ (a1 − a2)
)
.
(2.8)
II.3. Noise Area ?
Two-mode entanglement (TME) after the BS can be
quantified by logarithmic negativity [45, 46], EN, which
follows from similar considerations with Simon-Peres-
Horodecki (SPH) criterion [40] and is an entanglement
monotone [47]. Ref. [48] calculates EN for BS mixing of
two nonclassical states and finds
EN = max{0,−1
2
log2[(1− 2τ1)(1− 2τ2)]}, (2.9)
4where τ1,2 is the nonclasical depth of the first/second in-
put mode. Similarly, Ref. [14] mixes a nonclassical state
with a thermal (noisy) state, in order to test when the
entanglement at the BS output will be destroyed, and
obtains the form
EN = max{0,−1
2
log2[(1− 2τ1)(1 + 2n¯)]}, (2.10)
where n¯ is the mean photon number in the thermal state.
(1 + 2n¯) is the noise (λsm) of the thermal light, to be
compared with 1.
Eqs. (2.9) and (2.10) can be expressed in a common
form
EN = max{0,−1
2
log2[λ
(1)
smλ
(2)
sm ]}. (2.11)
Hence, for Gaussian states, entanglement is generated at
the BS output if the input “noise-area” is smaller than
unity, i.e. Ω(in) = λ
(1)
smλ
(2)
sm < 1.
It gets more interesting when one notes that
SN = log2
λ
(out)
1,sm λ
(out)
2,sm
λ
(in)
1,sm λ
(in)
2,sm
, (2.12)
Eq. (11) in Ref. [20], is a quantification of entanglement
equivalent to the logarithmic negativity EN at the out-
put of the BS [20–22]. Eq. (2.12) indicates that the en-
tanglement generated at the output of a BS increases
with the output noise-area divided by the input noise-
area; that is entanglement increases with the ratio of
the output/input noise-area. λ
(out)
1,2 sm refers to the SMNc
τ1,2 = 1 − λ1,2 sm remaining in the mode 1,2 at the BS
output. BS cannot convert all of the initial SMNc into
TME [20] and some SMNc λ
(out)
1,2 sm remain in each mode.
λ
(out)
1,2 sm are calculated simply by wiping out the TME at
the BS output, by setting C = [0, 0; 0, 0] in Eqs. (2.5)
and (2.8).
These observations makes one raise the question: does
the noise-area Ω play a key role in the generation of two-
mode entanglement? This question leads us, in this work,
to perform a further investigation for the presence of a
connection between the TME criteria [27–30, 33–35] and
the noise-area.
For such a reason, we reconsider the BS mixing in
terms of noise-area.
In the following, in Sec. II.3.1, we first calculate the
noise-area Ω(out) = λ
(out)
1,sm λ
(out)
2,sm associated with the (un-
converted) SMNc remaining at the two output modes
of a BS. We compare Ω(out) with the initial noise-area
Ω(in) = λ
(in)
1,sm λ
(in)
2,sm, when the two modes are separable.
We present a scheme for the geometries of the two areas
in Fig. 1. Next, in Sec. II.3.2, we calculate the entangle-
ment, in difference to Ref. [20], in terms of nonclassical
depth τ and we compare it with the two noise-areas Ω(in)
and Ω(out).
II.3.1. BS output noise-area
We can obtain the (unused/unconverted) SMNc re-
maining at the BS output modes [20]. When we wipe out
the entanglement (correlations) in the noise matrix (2.5),
by setting 2×2 matrix C = [0, 0; 0, 0] in (2.5), the remain-
ing nonclassicality in the modes are only the SMNc. One
can obtain the remaining SMNcs as
λ
(out)
1,min = (a1 − |b1|) cos2 θBS + (a2 − |b2|) sin2 θBS, (2.13)
λ
(out)
2,min = (a2 − |b2|) cos2 θBS + (a1 − |b1|) sin2 θBS, (2.14)
which result in an increased noise-area
Ω(out) =(a1 − |b1|)((a2 − |b2|)) (2.15)
+sin2 θBS cos
2 θBS [(a1 − |b1|)− (a2 − |b2|)]2 (2.16)
compared to the initial noise-area
Ω(in) = (a1 − |b1|)(a2 − |b2|), (2.17)
where the two modes are not entangled. Change in the
noise-area is depicted in Fig. 1, where the increase in
the area is the last term of Eq. (2.16). One can quickly
realize that increase in the noise-area (NA), or the NA
itself, becomes maximum for θBS = pi/4, when the two
SMNc noises λ
(out)
1,sm and λ
(out)
2,sm are equal to each other.
θBS = pi/4 is also recognized as the optimum mixing angle
for lossless BSs, the case we study here.
II.3.2. An alternative definition for entanglement
In Ref. [20] and in Sec. II.3.1, we focus on the uncon-
verted SMNc remaining in the two output modes of a
BS. So, we wipe out the entanglement (correlations) by
setting C = 0 in the noise matrix (2.5) and calculate
each SMNc from matrices A and B in Eqs. (2.6) and
(2.7) in terms of τ . One can define a nonclassical depth
also for a two-mode state [48] 1, τTM, via a generalization
of (2.3). One can numerically test that (we did) τTM, can
be visualized as some kind of a total nonclassicality, does
not change under BS rotations. When we remove the
SM nonclassicalities in the noise matrix (2.5), by setting
A = B = I/2, i.e.
Vent =
[
I/2 C
C† I/2
]
, (2.18)
then the remaining nonclassicality, τent, is due to entan-
glement only. Here, I is a 2×2 identity matrix, whose
nonclassical depth corresponds to the one of a vacuum
or a coherent state.
1 This is also pointed out by Mark Hillery in a work we cannot
re-find.
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Initial noise-area
noise-area after the BS
FIG. 1. (color) Geometric presentation of nonclassicality
swapping into TME (τent) in expense of the nonclassicality
in the two single modes, a1 and a2. τent is proportional to the
increase in the noise-area from block (shaded) rectangle to
the new rectangle determined by red-blue lines. xφ1 and xφ2
directions are chosen along the minimum squeezing available
in each more.
Using the results of Ref. [48], entanglement in (2.18)
can be obtained as
τent = | sin θBS cos θBS|[|a1 − a2|+ |b1 − b2|] (2.19)
in units of nonclassical depth [43] τ . One can observe
that, entanglement τent in Eq. (2.19) increases propor-
tional with the rise in the noise-area (Ω(out) − Ω(in)) in
Eqs. (2.16) and (2.17). Hence, this is an alternative
demonstration of our earlier results [20–22], where SN
in Eq. (2.12) is shown to be used as a quantification of
entanglement equivalent to logarithmic negativity.
We already derive a conservation relation in Ref. [20].
Here, in difference, comparison of τent and (Ω
(out)−Ω(in))
in the same units is still an illuminating result. We need
to underline that τent is calculated from Eq. (2.18) by in-
jecting noise to both modes. Hence, total nonclassicality
can as well be considered as proportional to τ2ent.
2
II.3.3. Search for a noise-area below unity
The observation we make in Fig. 1, and in the text
above, is not useful merely for the demonstration of a
conservation-type relation between entanglement and re-
maining SMNcs. Considering the reverse process, i.e.
Fig. 1(b) → Fig. 1(a), and examining Eq. (2.11), one
naturally raises the following question. “Are some of
the entanglement criteria actually search mechanisms for
an initial noise-area (Fig. 1(a)) below unity?” In other
words, does an entanglement criterion rotate the entan-
gled (original) state by −θBS and seek for a noise-area (at
any of θBS) with 〈(∆xˆφ1)2〉〈(∆xˆφ2)2〉 < 1/4 or λφ1λφ2 < 1
?
We are aware of the fact that not any two-mode entan-
gled state can be generated via a BS. However, any two-
mode entangled state can be rewound (rotated back) by
−θBS. So, the rewound state can be checked if the input
noise-area, product of SMNcs in the two modes, is suffi-
ciently small. We note that measurements of the noises
of the modes, 〈(∆xˆφ1,2)2〉, do not refer to the correla-
tions among the two modes. One can also show, using
the negativity of the P -function, that noise-area below
unity is also a nonclassicality condition which is a nec-
essary condition for generating entanglement at the BS
output [13].
We remark that xˆφ1,2 , e.g. in Fig. 1(a), is along
the direction at which minimum noise for each mode is
achieved. Choice of xˆφ1,2 not along the minimum noise
would yield a higher noise-area in Fig. 1(a). Repeat-
ing ourselves, fortunately, λsm performs this choice au-
tomatically. A similar (optimum) choice is performed
also by SPH [40] criterion (and in the calculation of
EN) since it is invariant under intra-mode rotations, i.e.
aˆ1,2(φ1,2) = e
iφ1,2 aˆ1,2. DGCZ criterion [27], or its prod-
uct form [28, 29], see the Appendix, is not invariant un-
der intra-mode rotations. So, one needs to take care of
optimal directions in DGCZ mixing.
Our aim, in this work, is not to prove generalized re-
lations between “TME criteria” and “BS search for a
noise-area below 1”, which is a nonclassicality condition.
Instead, we aim to raise this incidence to the attention
of the community.
2 In Ref. [48], noise injected to both modes are constrained to be
equal, τ . However, we note that such a definition may result
the injection of an unnecessary amount of excess noise in remov-
ing the nonclassicality. When the Gaussian filter function, i.e.
generalized form of (2.3), is chosen to allow two different τ ’s, a
positive-definite R(α1, α2) function can be achieved with smaller
noise product. That is, τ2 > τ1τ2 or (1−2τ)2 < (1−2τ1)(1−2τ2).
6II.3.4. Nonclassicality and P -function
In this section, we show that a noise-area below
unity is a nonclassicality condition which makes Glauber-
Sudarshan P -function negative, or nonanalytic, in some
region. Noise-area conditions, we demonstrate below, do
not refer to the two-mode correlations. They refer only to
the SMNc (noise) of the each mode separately. We recall
that a P (α1, α2) < 0 input is a necessary and sufficient
condition for TME at the BS output [13].
A state (density matrix ρˆ) is classical if it can be rep-
resented as [5]
ρˆ12 =
∫
d2α1α2 P (α1, α2) |α1〉〈α1| ⊗ |α2〉〈α2|, (2.20)
with P (α1, α2) are positive-definite probabilities in the
coherent state representation. A normal-ordered opera-
tor, e.g. aˆn22
†aˆm22 aˆ
n1
1
†aˆm11 , can be replaced by their coher-
ent (c-number) correspondence, e.g. αn22
∗αm22 α
n1
1
∗αm11 ,
in the P -representation. One can develop a nonclassi-
cality condition while putting an operator into normal-
ordered form of a positive-definite function, e.g. [49]
〈(nˆ1−nˆ2)2〉 = 〈nˆ1 + nˆ2〉
+〈aˆ†1aˆ†1aˆ1aˆ1 + aˆ†2aˆ†2aˆ2aˆ2 − 2aˆ†1aˆ2aˆ2aˆ†1aˆ1aˆ1〉, (2.21)
where the last term is in normal-order and can be P -
represented as
〈(nˆ1−nˆ2)2〉 = 〈nˆ1 + nˆ2〉
+
∫
d2α1d
2α2 P (α1, α2) (|α1|2 − |α2|2)2. (2.22)
If 〈(nˆ1 − nˆ2)2〉 < 〈nˆ1 + nˆ2〉, this can originate only from
the negative values of P (α1, α2) in some finite region,
which shows that ρˆ is a nonclassical state. Here, we note
that 〈nˆ1+nˆ2〉 shows up due to the commutations appear-
ing in the normal-ordering. This realization is important
in the discussions of item (vi) at Sec. II.5.
Similar considerations lead to
〈(∆xˆ1)2〉〈(∆xˆ2)2〉 < 1/4 or, (2.23)
λ1,smλ2,sm < 1, (2.24)
if xˆ1,2 are chosen along the minimum noise direction. A
weaker form of Eq. (2.23)
〈(∆xˆ1)2〉+ 〈(∆xˆ2)2〉 < 1 (2.25)
can also be obtained. Comparison of conditions (2.25)
and (2.23) resembles the DGCZ criterion [27] and its
stronger (product) form by Mancini et al. [28], respec-
tively.
For number-squeezed like states, one can also obtain
Ωn =
〈(∆nˆ1)2〉
〈nˆ1〉
〈(∆nˆ2)2〉
〈nˆ2〉 < 1 (2.26)
and its weaker form
〈(∆nˆ1)2〉+ 〈(∆nˆ2)2〉 < 〈nˆ1 + nˆ2〉. (2.27)
As it is well-known, 〈(∆nˆ)2〉/〈nˆ〉 < 1 is squeezing in the
number fluctuations below the SQL. So, we also define
LHS of Eq. (2.26) as a noise-area, Ωn, proper for number-
squeezed like states.
These nonclassicality conditions do not refer to two-
mode correlations.
II.4. Role of the extra term in
Schrodinger-Roberson inequality
—inefficient use of SMNc
In this section, we briefly describe how one can derive
stronger TME criteria from the Schrodinger-Robertson
(SR) inequality. We show that the extra term in the
SR inequality, Eq. (2.28), compensates (partially) for the
non-optimum choice of xˆ1,2, i.e. not along the minimum
noise direction xˆφ1,2 . We note that, SPH criterion (and
EN) performs this choice automatically in Fig. 1 and in
Sec. II.3.1. In Sec. III.2, we observe that the extra term in
the TME criterion for number-phase squeezed like states,
Eq. (11) in Ref. [35], accounts a similar mixing optimiza-
tion in the n-Φ plane.
DGCZ and Mancini et al. obtain the entanglement
criteria based on the following principle. Sum, (∆u˜)2 +
(∆v˜)2, or product, (∆u˜)2(∆v˜)2, of the noises of two ob-
servables u˜, v˜ must be larger than a critical value for a
separable state ρˆ1,2 =
∑
k Pk ρ
(k)
1 ⊗ ρ(k)2 . Violation of
this inequality witnesses the presence of TME. Ref. [33]
showes that DGCZ criterion and the one by Mancini et al.
can be derived also using the partial transpose (PT) con-
dition in a Heisenberg uncertainty relation (HUR). That
is, PT of a seperable state should also satisfy the HUR
inequality. Following studies [34–36] show that stronger
forms of these criteria can be obtained using the PT con-
dition in the Schro¨dinger Robertson (SR) inequality
〈(∆u˜)2〉 〈(∆v˜)2〉 ≥ 1
4
|〈[u˜, v˜]〉|2 + 〈∆u˜∆v˜〉2S , (2.28)
where 〈∆u˜∆v˜〉S = 12 (〈∆u˜∆v˜〉 + 〈∆v˜∆u˜〉) is the extra
term compared to HUR. Stronger inseparability criteria
are obtained [35] by considering the PT of the state in
Eq. (2.28). If the two modes are separable, PT yields a
physical density matrix. So, Eq. (2.28) must be satisfied
for partial transposed separable states. Then, violation
of inequality (2.28) witnesses the presence of two-mode
entanglement. HUR version of Eq. (2.28) yields the prod-
uct form of DGCZ [27], the one by Mancini et al. [28],
under the PT condition for the operators
u˜ = cos θxˆ1 + sin θxˆ2, (2.29)
v˜ = cos θpˆ1 − sin θpˆ2. (2.30)
Inclusion of the 〈∆u˜∆v˜〉S term results in stronger TME
criteria.
Here, we show that this extra term accounts the ineffi-
ciently used SMNc, while mixing the operators in u˜ and
v˜, i.e. (∆u˜)2(∆v˜)2 in an entanglement criterion. When
7xˆ1,2 (in u˜, v˜) are chosen along the minimum noise direc-
tion xˆφ1,2 , the extra term is zero. However, for a non-
optimal choice of xˆ1,2 directions, the extra term grows
with the unused SMNcs in the u˜-v˜-mixing. Actually, in
the close vicinity of separability, one can show that the
extra term 〈∆v˜∆u˜〉2S becomes zero for the choice of the
optimum direction for xˆ1,2, in u˜, v˜. But it grows as xˆ1,2
deviates more from the minimum noise direction.
The scheme in Fig. 1 presents the minimum possible
uncertainty area, when mixing coordinates, both xˆ1 and
xˆ2 are chosen along the minimum uncertainty direction
xφ1 and xφ2 . This choice yields the minimum noise-area,
Ω(in) = λ
(1)
smλ
(2)
sm , in the BS (or uˆ, vˆ-) mixing. However,
the TME criteria obtained via DGCZ, or by Mancini et
al., performs the mixing (2.29)-(2.30). u˜, v˜ mixes xˆ1,2
and pˆ1,2. These are not along the minimum uncertainty
directions, xˆφ1 and xˆφ2 .
We are aware that the connection between the BS mix-
ing and u˜-v˜ mixing is not apparent at this stage. Here,
we pronounce the finger prints of such a connection in
advance. Lets consider a two-mode state |ψ〉, or ρˆ1,2, of
entanglement strength EN. In Sec. II.5, we observe that
the optimized DGCZ noise-area (∆u˜)2(∆v˜)2, with u˜ and
v˜ given in Eqs. (2.29) and (2.30), actually assigns the
initial noise-area for a BS in order to generate the EN
amount of entanglement at the BS output.
In Fig. 2, we numerically demonstrate that the extra
term in SR inequality (2.28), 〈∆u˜∆v˜〉S, accounts for the
non-optimal u˜-v˜ mixing. We fix xˆ2 in the min noise direc-
tion and rotate the xˆ1 by φ1 from the min noise direction.
When the mixing is performed along the minimum uncer-
tainty quadratures xφ1 , xφ2 , i.e. φ1 = 0, the extra term
is “zero”. However, when two coordinates are not mixed
efficiently, different than the scheme in Fig. 1, 〈∆u˜∆v˜〉S
term in SR inequality accounts for the unused SMNcs in
the u˜-v˜ mixing.
Simon’s criterion should be stronger.— It is a com-
mon belief that Simon-Peres-Horodecki (SPH) [40] crite-
rion is stronger than the other ones used for Gaussian
states, eg. DGCZ or the one by Mancini et al. It is also
used as an entanglement measure [45–47] for Gaussian
states, namely logarithmic negativity EN.
After studying the mixing conditions, one can realize
that SPH criterion is invariant under the intra-mode ro-
tations, that is aˆφ1,φ2 → aˆ1,2eiφ1,2 . SPH criterion chooses
the optimum mixing automatically, similar to λ1,2 sm per-
forms in SMNc. It is possible to define a measure [45–
47], since SPH does not fluctuate due to intra-mode ro-
tations. Actually, SPH criterion is invariant under any
local canonical transformation. Second, SPH uses the
SR inequality in derivation [40, 42]. One another prop-
erty of Simon’s treatment is SPH criterion is also invari-
ant under mirror reflection [40]. That is, it treats both
signs in the sets {u˜ = αxˆ1 + βxˆ2 , v˜ = βpˆ1 ± αpˆ2} and
{u˜ = αxˆ1 + βxˆ2 , v˜ = αpˆ1 ± βpˆ2}.
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FIG. 2. Role of the extra (the last) term in the entanglement
criterion obtained form SR inequality (2.28). When the xˆ1,2
in u˜-v˜ mixing in Eqs. (2.29) and (2.30), are aligned in the min-
imum noise direction xˆφ1,2 , φ1 = 0, the extra term becomes
zero. When xˆ1 deviates from the minimum noise direction,
the extra term increases in order to compensate the inefficient
use of SMNc in mode 1.
II.5. Observations on noise-area
In Secs. II.3.1, II.3.2, II.3.3, and via Fig. 1(a) → 1(b),
we demonstrate that entanglement is associated with the
increase in the initial noise-area (decrease in the prod-
uct of SMNcs). Here, we consider the reverse process,
Fig. 1(b) → 1(a). We raise the question: Does an entan-
gled state yield a noise-area, Ω = λφ1,smλφ2,sm, below 1
if it is rewound in a BS 3 ? That is, by converting the en-
tanglement (if exists) into a smaller noise-area, product
of the two SMNcs 4? Noise-area accounts only the SM-
Ncs in the two modes, it does not refer to correlations.
Noise-area below unity is also a nonclassicality condition,
necessary for a BS to generate TME.
We kindly indicate that our aim is not to provide for-
mal proofs, but to present our observations about: the re-
lations between noise-area and entanglement. We present
similar discussions also for number-phase squeezed like
states in Sec. III.5.
Numerical calculations, we conduct, show very inter-
esting and illuminating results/observations. First, (a)
we recall Eqs. (2.9)-(2.11). The maximum amount of en-
tanglement that can be generated at the output of a BS,
EN = − 12 log2 Ω(in), is determined by the initial noise-
area, Ω(in) = λ1,smλ2,sm, of the two input beams. (b) We
also remind that DGCZ criterion (or its stronger product
form by Mancini et al.) does not take into account the
optimization of the SM noises by intra-mode rotations
3 We note that we do not restrict to an entangled state generated
in a BS. For instance, it can be generated via two-mode squeezing
hamiltonian.
4 SMNc increases with smaller the noise is.
8xˆφ1,2 . It is apparent that, in Eqs. (2.29) and (2.30), such
an optimization would yield smaller fluctuations in the
product form of the DGCZ criterion, in 〈(∆u˜)2〉〈(∆v˜)2〉.
We do the following. We consider an entangled Gaus-
sian state. We numerically minimize the product
ΩDGCZ = 〈(∆u˜)2〉〈(∆v˜)2〉, (2.31)
a kind of noise-area, in the entanglement criterion by
Mancini et al., or Raymer et al. [29] (see the Appendix)
under the intra-mode rotations aˆφ1,2 = e
iφ1,2 aˆ1,2. u˜ and
v˜ are defined in Eqs. (2.29) and (2.30). For the same
state, we also calculate the logarithmic negativity EN.
(i) We observe that, at each time, the area Ωneg ob-
tained from the inversion of EN = − 12 log2(Ωneg) is equal
to the area in Eq. (2.31), minimized under φ1, φ2 rota-
tions, i.e. Ωneg = Ω
(min)
DGCZ .
This observation can alternatively be stated as follows.
The amount of entanglement EN in this particular state
is the maximum amount of entanglement which can be
generated at a BS output, when the BS is input by an
initial noise-area of Ωneg = Ω
(min)
DGCZ =
[
(∆u˜)2(∆v˜)2
]min
φ1,φ2
.
There can be two interpretations from this observa-
tion. (i.a) Ω
(min)
DGCZ bahaves as if it searches a noise-area
below unity, to be evaluated in the logarithmic negativity
EN = − 12 log2(Ω(min)DGCZ) from Eq. (2.11). (ii.a) We also an-
ticipate that, when minimized with respect to intra-mode
rotations product form of DGCZ becomes equivalent to
SPH criterion.
(ii) We observe that, apart from the φ1,2 minimization,
Ω
(min)
DGCZ becomes minimum for θ = −pi/4. It is interest-
ing that, Ω
(min)
DGCZ becomes minimum at θ = −pi/4, even if
the entangled state is generated in a BS via θBS 6= pi/4,
by using an initially separable state. That is, Ω
(min)
DGCZ is
somehow associated with the entanglement only, i.e., not
with the SMNc known to remain in the modes [20]. Oth-
erwise, Ω
(min)
DGCZ would be max at θ = θBS.
(iii) In our numerical calculations, we also observe that
two-mode squeezing hamiltonian exp(ξaˆ†1aˆ
†
2 − ξ∗aˆ1aˆ2)
generates pure entanglement from initial coherent states.
That is, the SMNcs in the generated entangled state —
calculated by setting C = 0 in Eq. (2.5)— do vanish.
(iv) θ = pi/4 form of Eqs. (2.29),(2.30) and (2.31) can
be shown to rewind the entangled (the original) state
back in BS by θBS and check if
(∆u˜)2(∆v˜)2 < 1/4 (2.32)
or (∆u˜)2(∆v˜)2 < 1, (2.33)
that is, if the noise-area is below unity. We note that
inequality (2.33) is a weaker form of (2.32), similar to
DGCZ and Mancini et al., respectively.
(v) General form of DGCZ criterion, for θ 6= pi/4 in
Eqs. (2.29) and (2.30), at first, seems not possible to
obtain via a BS rotation. This is because, a BS can
generate the form
u′ = cos θxˆ1 + sin θxˆ2 (2.34)
v′ = cos θpˆ1 + sin θpˆ2, (2.35)
where v′ is different than v˜ in (2.30) used for DGCZ cri-
terion. Moreover, (∆u′)2 + (∆v′)2 < 1, which is also a
nonclassicality condition, cannot be satisfied at all due
to HUR, (∆u′)2 + (∆v′)2 ≥ cos2 θ + sin2 θ = 1.
In Fig. 1, one can realize that noise-area does not
change under the coordinate transformation pˆ2 → −pˆ2.
In order to avoid confusion, we note that the state is not
partial transposed, it is only evaluated at different coor-
dinates (2.35)→ (2.30). In the new coordinates, with two
mode state remains unchanged, noise-area is constrained
by HUR as (∆u′)2 + (∆v˜)2 ≥ | cos2 θ − sin2 θ|. That is,
even unconstrained for θ = pi/4.
Repeating ourselves, we use the property of the noise-
area to remain unchanged under the coordinate transfor-
mation p2 → −p2.The situation becomes more interest-
ing in the next item.
(vi) We finally note the following observation, in re-
lation with the item (v). Nonclassicality conditions are
derived by performing normal-ordering in an operator,
see Sec. II.3.4. Normal-ordered operators can be ex-
pressed as aˆn22
†aˆm22 aˆ
n1
1
†aˆm11 → αn22 ∗αm22 αn11 ∗αm11 in the
P -representation. An operator can be written in the form
of a positive-definite function, e.g. in Eq. (2.21). Normal-
ordering results in commutations, e.g. aˆ2aˆ
†
2 = aˆ
†
2aˆ2 + 1
or aˆ†2aˆ2aˆ
†
2aˆ2 = aˆ
†
2aˆ
†
2aˆ2aˆ2 + aˆ
†
2aˆ2.
One property of the coordinate transformation p2 →
−p2 is that, aˆn22 †aˆm22 aˆn11 †aˆm11 → aˆm22 †aˆn22 aˆn11 †aˆm11 [35],
it leaves the operators normal-ordered. So, α2 term in
the positive-definite function needs to be complex con-
jugated. This leaves the positive-definite function still
a positive-definite function. Therefore, p2 → −p2 trans-
form of a nonclassicality condition is also a nonclasicality
condition. Hence, (∆u′)2 + (∆v˜)2 < 1 is also a nonclas-
sicality condition.
It is well-known to the community that p2 → −p2
transformation is conducted for evaluating the PT of a
two mode state. As discussed in Sec. II.4, it is used to ob-
tain separability conditions by utilizing the phenomenon
of a separable state to remain physical under the PT op-
eration [33, 35]. One utilizes the fact that, PT of a two
mode state can alternatively be calculated via p2 → −p2
transformation in the expectations.
In item (v), it appears in a different concept: unaltered
noise-area with a p2 → −p2 coordinate transformation
while the two mode state is kept unchanged! Here, in
this item, regarding the nonclassicality condition, p2 →
−p2 transformation appears as undestroying the normal-
ordering. This provides a new noncassicality condition
with p2 → −p2 transformation.
Commutators, e.g. 〈nˆ1 + nˆ2〉 in Eq. (2.22), appear
in similarity with the HUR version of Eq. (2.28). The
physics, however, is completely different.
9III. NUMBER-PHASE SQUEEZED LIKE
STATES
In this section, we focus on the nonclassical properties
of number-phase squeezed like states.
III.1. Single-mode nonclassicality
In Sec. II.1, we demonstrate that: smallest (squeezed)
and largest noise of a single-mode state can be obtained
from the eigenvalues of the noise matrix V (c), in Eq. (2.1).
V (c) is represented in [α1, α
∗
1] with α1 = (x1 + ip1)/
√
2.
Smallest eigenvalue corresponds to the noise minimized
with respect to intra-mode rotations aˆφ = e
iφaˆ. So, one
does not need to find the optimum direction xˆφ in Fig. 1.
In this subsection, we perform a similar treatment for
number-phase squeezed states. We define the annihila-
tion and creation operators as
Aˆn = nˆ+ iγΦˆ and Aˆ
†
n = nˆ− iγΦˆ, (3.1)
where Φˆ is the phase operator and γ = 2〈nˆ〉 [50, 51].
Eigenstates of the operator
Eˆn = nˆ+ iγ
′Φˆ, (3.2)
with a generalized coefficient γ′ = r2〈nˆ〉 = rγ, are in-
telligent states [50]. Intelligent states satisfy the min-
imum uncertainty relations. For r = 1, γ′ = γ or
Eˆn = Aˆn, uncertainties 〈(∆nˆ)2〉 = 〈nˆ〉 and 〈(∆Φˆ)2〉 =
1/4〈nˆ〉 determine the line for the standard quantum limit
(SQL), i.e. for coherent states when 〈nˆ〉  1 [51]. For
r < 1 number uncertainty 〈(∆nˆ)2〉 is squeezed below
the SQL 〈(∆nˆ)2〉 < 〈nˆ〉 and for r > 1 phase uncer-
tainty 〈(∆Φˆ)2〉 is squeezed below the 1/4〈nˆ〉 limit, keep-
ing 〈(∆nˆ)2〉 〈(∆Φˆ)2〉 = 1/4.
Aˆn operator in Eq. (3.1) can be written in the scaled
form
aˆn =
1√
2
(
nˆ+ iγΦˆ
)
/
√
γ. (3.3)
Similar to Sec. II.1, noise matrix can be written as
V (r)n =
[ 〈(∆nˆ)2〉/γ 〈nˆΦˆ + Φˆnˆ〉/2− 〈nˆ〉〈Φˆ〉
〈nˆΦˆ + Φˆnˆ〉/2− 〈nˆ〉〈Φˆ〉 〈(∆Φˆ)2〉
]
(3.4)
in the real representation ξˆ = [nˆ, Φˆ], and
V (c)n =
[〈aˆ†naˆn〉 − |〈aˆn〉|2 + 1/2 (〈aˆ2n〉 − 〈aˆn〉2)
(〈aˆ2n〉 − 〈aˆn〉2)∗ 〈aˆ†naˆn〉 − |〈aˆn〉|2 + 1/2
]
(3.5)
in the complex representation ξ = [αn, α
∗
n], αn = (n +
iγΦ)/
√
2γ. The two noise matrices can be transformed
as V
(c)
n = T†V
(r)
n T, the same way described in Sec. II.1. T
is also the same with the one defined in Sec. II.1, since aˆ-
xˆ and aˆn-nˆ relations are defined similarly. One can note
that aˆn → aˆ in Eq. (3.5) already yields V (c) in Eq. (2.1).
Eigenvalues of V
(r)
n and V
(c)
n are the same and deter-
mine the smallest Λn,sm ≤ 1/2 and largest Λn,lg ≥ 1/2
noise available in the system for the scaled operators
nˆ/
√
γ and
√
γΦˆ. Similar to Sec. II.1, we define λn,sm =
2Λn,sm and λn,lg = 2Λn,lg, where λ to be compared with
1, the SQL, for the presence of squeezing.
In a general number-phase squeezed state, minimum
squeezing does not need to be along either nˆ/
√
γ or γΦˆ.
Minimum squeezing can be along a rotated aˆn,φ = e
iφaˆn
coordinate, similar to xˆφ in the quadrature squeezed
states. Here, we check if a rotated state |ψφ〉 =
exp(iaˆ†naˆnφ)|ψ〉 results the same eigenvalues in V (c)n or
V
(r)
n with the original state |ψ〉. We observe that, similar
to Sec. II.1, λn,sm and λn,lg do not change. This saves us
from seeking the min noise direction for mixing depicted
in Fig. 1, for lets say nˆφ1 and nˆφ2 .
It is worth noting that Rˆn(φ) = exp(iaˆ
†
naˆnφ) performs
a rotation solely different than the one exp(iaˆ†aˆφ), i.e.
aˆφ = e
iφaˆ, does in Sec. II.1. The latter makes a rotation
in the x-p plane. 〈(∆nˆ)2〉 or 〈(∆Φˆ)2〉 are unaffected with
x-p rotation. On the other hand, Rˆn(φ) = exp(iaˆ
†
naˆnφ)
performs a φ-angle rotation in the n-Φ plane. We ob-
serve that the phase of 〈aˆn〉 rotates by angle φ under the
operation Rˆn(φ), while |〈aˆn〉| keeps unchanged.
We also observe that the generalized displacement op-
erator Dˆ = exp(βaˆ†n − β∗aˆn) shifts the state in the nˆ-Φˆ
plane. Dˆ does not change the noise properties of number-
phase squeezed state, keeps the quantities 〈(∆nˆ)2〉 and
〈(∆Φˆ)2〉 unchanged.
We remark that Φˆ operator is defined unproblemati-
cally [51] only for 〈nˆ〉  1. In general, one can use the
uncertainty relation
〈(∆nˆ)2〉 〈(∆Sˆ)2〉 ≥ 〈Cˆ〉2/4 (3.6)
following from the commutation [nˆ, Sˆ] = iCˆ, where Sˆ
and Cˆ are defined [51] as
Sˆ =
1
2i
(eˆ− − eˆ+) and Cˆ = 1
2
(eˆ− + eˆ+), (3.7)
with eˆ− = (nˆ + 1)−1/2aˆ and eˆ+ = eˆ
†
−. In this case, we
evaluate the noise matrices V
(r)
n and V
(c)
n in Eqs. (3.4)
and (3.5) using the the scaled operator
aˆn =
1√
2
(
nˆ+ iγ
Sˆ
〈Cˆ〉
)
/
√
γ, (3.8)
which is the Φˆ → Sˆ/〈Cˆ〉 version [50] of aˆn defined in
Eq. (3.3). γ = 2〈nˆ〉 is the same with Eq. (3.3). The
discussions below Eq. (3.5) are valid also for aˆn defined
in Eq. (3.8).
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Some questions— Here, there appears some important
questions, whose answers are left to the curiosity of the reader.
Nonclassical depth τent is defined via [43]
R(α) =
1
piτ
∫
d2α′ exp(−|α− α′|2/τ) P (α′), (3.9)
where P (α) is the Glauber-Sudarshan P -function whose neg-
ativity at some region is the necessary and sufficient condition
for SMNc. The Gaussian function in Eq. (3.9) is actually a
filter function [44] introduced to make R(α) positive at all
regions. P (α) in Eq. (3.9) can be re-expressed in terms of
Wigner function W (x, p), which establishes a connection be-
tween W -function and the R-function.
The questions are as follows. (i) Can we introduce Gaussian
states, generalized to number-phase squeezed like states, if we
define a Gaussian characteristic function
χ(n1,2,Φ1,2) = exp
(
−1
2
u†nV
(r)
n1,n1un
)
, (3.10)
where u†n = [n1,Φ1, n2,Φ2]? Characteristic function can also
be expressed in terms of complex variables
χ(n1,2,Φ1,2) = exp
(
−1
2
y†nV
(c)
n1,n1yn
)
, (3.11)
with y† = [α∗n1 , αn1 , α
∗
n2 , αn2 ]. (ii) If we express the Gaus-
sian states (defined for number-phase squeezed states) as in
Eq. (3.9), can we define an easier τ for such states? (iii)
Here, another question shows up. Are the eigenstates of aˆn
in Eq. (3.3) the same with the eigenstates of aˆ operator, i.e.
with the well-known coherent states? We numerically observe
that they result 〈(xˆ1)2〉 = 〈(pˆ1)2〉 = 1/2. (iv) One another
question is: Can we obtain the remaining SMNcs and TME
via by setting the generalized correlation matrix C = 0, as in
Ref. [20] and using Eq. (2.19), respectively?
III.2. Role of the extra term in
Scrodinger-Robertson inequality
—inefficient use of nonclassicality
In Sec. II.4, we show that the extra term in the Scrodinger-
Robertson (SR) inequality (2.28) takes care of the non-
optimal mixing of the quadratures, e.g. uˆ 6= cos θxˆφ1 +
sin θxˆφ2 with xˆφ1,2 are chosen along the minimum noise direc-
tion. Here, we get curious if the extra term in the two mode
entanglement criterion, Eq. (11) in Ref. [35],
(〈(uˆ)2〉+ 1) (〈(vˆ)2〉+ 1) < 〈nˆ1 + nˆ2〉+ 〈∆uˆ∆vˆ〉2S (3.12)
behaves similarly, where
u˜ = aˆ†2aˆ1 + aˆ
†
1aˆ2, (3.13)
v˜ = i(aˆ†2aˆ1 − aˆ†1aˆ2). (3.14)
TME criterion (3.12) is obtained from the partial transpose
of observables uˆ = aˆ†2aˆ
†
1 + aˆ1aˆ2 and uˆ = i(aˆ
†
2aˆ
†
1− aˆ1aˆ2). Crite-
rion (3.12) is stronger than the HZ criterion [30] and the one
in Ref. [34].
An eigenstate of the operator Eˆn = nˆ + iγ
′Φˆ in Eq. (3.2),
or Eˆn = nˆ + iγSˆ/〈C〉, yields number-squeezing along the nˆ
operator for r = γ′/γ < 1 and phase-squeezing along the Φˆ
operator for r > 1. That is, minimum squeezing in the state
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FIG. 3. Role of the extra (the last) term in the entanglement
criterion 3.22 for number-phase squeezed like states. Criterion
is obtained from SR inequality (2.28). nˆ2, Φˆ2 already aligned
in the minimum noise direction in the n2-Φ2 plane. When
nˆ1 or Φˆ1 is aligned with the minimum noise directions aˆn,φ1 ,
φ1 = 0, the extra term becomes zero. When nˆ1 deviates
from the minimum noise direction, the extra term increases
to compensate the inefficient use of SMNc in mode 1.
[smallest eigenvalue of the noise matrix (3.5)] λn,sm is equal to
Qn = 〈(∆nˆ)2〉/〈nˆ〉 for r < 1 and equal to QΦ = 〈(∆Φˆ)2〉4〈nˆ〉
for r > 1. When such a state is mixed with a coherent state
in a BS in order to obtain TME, the extra term becomes
〈∆u˜∆v˜〉S = 0 . In other words, HUR version of (3.12), which
omits the last term, becomes equally strong with (2.28).
This is not the case, however, if the eigenstate of Eˆn in
Eq. (3.2) is rotated in the n-Φ plane. As already discussed
in Sec. III.1, SMNc in the rotates state does not change, i.e.
λsm,lg of V
(r)
n and V
(c)
n , remain the same. Nevertheless, both
Qn and QΦ become larger than λn,sm. That is, minimum
squeezing in the rotated state, now, is not along the nˆ or Φˆ
operators. Since the nˆ (or Φˆ) is not in the optimal direction
aˆn,φ, the forms of u˜,v˜ in Eqs. (3.13) and (3.14), are not op-
timal. This is analogous to x-p case, in Sec. II.4, where the
optimum direction xˆφ1,2 is not chosen in the mixing (2.29)
and (2.30).
Now, when the state is rotated in the n-Φ plane, HUR
version of (3.12) gets help from the last term 〈∆u˜ ∆v˜〉S. In
other words, the last term takes care of the inefficient mixing
in u˜,v˜, similar to the x-p case in Eqs. (2.29) and (2.30).
We mix an eigenstate of Eˆn operator (r = 5/7), |ψr〉, in
a BS with a coherent state. We also rotate the eigenstate as
|ψr(φ)〉 = Rˆn(φ)|ψr〉 and mix |ψr(φ)〉 with a coherent state
in the BS. In Fig. 3, we plot the extra term 〈∆u˜∆v˜〉S in SR
inequality (3.12) with respect to the angle of rotation in n-Φ
plane. For φ = 0, the minimum noise of the eigenstate |ψr〉
is along the nˆ direction. As can be observed in Fig. 3, for
φ = 0 extra term is 〈∆u˜∆v˜〉S = 0. When the |ψr〉 state is ro-
tated, the extra term increases upto φ = pi/4, when minimum
squeezing direction is along the middle of n and Φ directions.
After φ > pi/4 the extra term starts to decrease again, since
the minimum direction now approaches along to Φˆ operator.
At φ = pi/2 min squeezing direction points along Φˆ, while it
was along nˆ for φ = 0. So, the extra term becomes zero again.
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III.3. Simon-like criterion for number-phase
squeezed states
As discussed at the end of Sec. II.4, Simon’s (SPH) crite-
rion [40] takes care of the optimal choice for the mixing di-
rection xˆφ1 -pˆφ1 and xˆφ2 -pˆφ2 in Eqs. (2.29) and (2.30). This is
because, SPH uses quantities invariant under φ1,φ2 rotations,
similar to V (c) in Eq. (2.1) and V
(c)
n in Eq. (3.5). Then, it
is natural to raise the question if the Simon’s treatment in
Ref. [40] can perform a similar optimization automatically
for the intra-mode rotations in the n1-Φ1 and n2-Φ2 planes.
Since aˆn has similar properties with the standard aˆ operator,
one can obtain a similar criterion.
When we define
Q1 = (aˆ
†
n,1 + aˆn,1)/
√
2, P1 = i(aˆ
†
n,1 − aˆn,1)/
√
2, (3.15)
Q2 = (aˆ
†
n,2 + aˆn,2)/
√
2, P2 = i(aˆ
†
n,2 − aˆn,2)/
√
2, (3.16)
where aˆ → aˆn, with aˆn defined in Eq. (3.3) or (3.8), it is
possible to obtain a criterion similar to SPH [40]. Following
the same argument in Ref. [40], defining ξˆ = [Qˆ1, Pˆ1, Qˆ2, Pˆ2],
the noise matrix V
(r)
n,ij = 〈{∆ξˆi,∆ξˆj}〉/2
V (r)n =
[
A C
CT B
]
(3.17)
must satisfy
µ =detAdetB +
(
1
4
− | detC|
)2
− tr(AJCJBJCTJ)
−1
4
(detA+ detB) ≥ 0 (3.18)
for a separable state. J = [0, 1;−1, 0] and A,B,C are 2×2
matrices.
Unlike SPH [40] criterion, this one, Eq. (3.18), works good
for number-phase squeezed like states. Similar to pˆ2 → −pˆ2 in
quadratures, Pˆ2 → −Pˆ2 under partial transposition. In Fig. 4,
we plot µ, in Eq. (3.18), for an initial number-squeezed state
mixed with a coherent state in a BS with mixing angle θBS.
If one defines the Gaussian states in terms of aˆn, in place of
aˆ, it is possible to extend the logarithmic negativity [45, 46],
which is an entanglement monotone [47], to number-phase
squeezed states.
Finally, we note that the method we discuss in this section
can be generalized for obtaining TME criteria working well
for other type of states. For instance, regarding amplitude-
squeezed like states, one can define the annihilation opera-
tor (3.1) as
Aˆamp = Yˆ1 + iγYˆ2, (3.19)
with Yˆ1 = aˆ
†2+aˆ2 and Yˆ2 = i(aˆ†2−aˆ2). So, our treatment can
be generalized to entangled states by an appropriate choice of
the observables according to which operators nonclassicality
is associated with.
III.4. Schrodinger-Robertson inequality for nˆ-Φˆ
The choice uˆ = aˆ†2aˆ
†
1 + aˆ1aˆ2 and u˜ = i(aˆ
†
2aˆ
†
1 − aˆ1aˆ2) in the
Schrodinger-Robertson (SR) inequality in Eq. (2.28) yields
the condition (3.12) for separability under the partial trans-
pose (PT) condition. Alternatively, one can use the operators
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FIG. 4. Simon-like criterion for number-phase squeezed like
states. We mix a number-squeezed state with a coherent state
in a beam-splitter, via a mixing angle θBS. µ, in Eq. (3.18),
performs an automatic optimization with respect to the intra-
mode rotations in the n1-Φ1 and n2-Φ2 planes.
analogous to u˜,v˜ in Eqs. (2.29) and (2.30),
uˆ = cos θnˆ1 + cos θnˆ2 (3.20)
vˆ = cos θγ1Φˆ1 + sin θγ2Φˆ2 (3.21)
and obtain
〈(∆uˆ)2〉〈(∆v˜)2〉 ≥(cos2 θ〈nˆ1〉+ sin2 θ〈nˆ2〉)2
+〈∆uˆ∆v˜〉2S , (3.22)
where v˜ = cos θγ1Φˆ1 − sin θγ2Φˆ2 is the PT of Eq. (3.21). For
the sake of a comparison, one can obtain a criterion using the
product (stronger) form of Raymer et al. [29], see Eq. (A10)
in the Appendix,
〈(∆uˆ)2〉〈(∆v˜)2〉 ≥ 4 cos2 θ sin2 θ〈nˆ1〉〈nˆ2〉, (3.23)
which is even weaker than the first term on the RHS of
Eq. (3.22), since (a− b)2 = a2 + b2 − 2ab > 0.
III.5. Observations on noise-area for nˆ-Φˆ
In this subsection, we present the following observation.
θBS = −pi/4 rotated version of the HZ criterion [30] looks like
a noise-area search, similar to the DGCZ criterion discussed
in Sec. II.5.
Hillery and Zubairy (HZ) criterion [30], 〈aˆ†1aˆ1aˆ†2aˆ2〉 <
|〈aˆ†2aˆ1〉|2 ⇒ inseparable, which is a subset of conditions
by Shchukin and Vogel [37], can be derived by examining
the uncertainty 〈(∆Sˆx)2〉 + 〈(∆Sˆy)2〉. For separable states,
ρˆ1,2 =
∑
k Pk ρ
(k)
1 ⊗ ρ(k)2 , uncertainty satisfies the inequality
〈(∆Sˆx)2〉+ 〈(∆Sˆy)2〉 ≥ 〈Nˆ+〉/2 , (3.24)
whose violation witnesses the presence of the TME. HZ cri-
terion works fine for superpositions of number-squeezed like
states [34]. Here, pseudo-spin operators are defined as Sˆx =
(Sˆ++Sˆ−)/2, Sˆy = −i(Sˆ+−Sˆ−)/2, where Sˆ+ = aˆ†2aˆ1 is raising
operator, Sˆ− = Sˆ
†
+, and Nˆ+ = aˆ
†
1aˆ1+aˆ
†
2aˆ2 is the total number
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of photons. A product form of the HZ criterion can as well
be obtained from PT of the HUR type of inequality [36].
It is well-known that an ideal beam-splitter (BS) generates
the strongest entanglement at the output for equal mixing, i.e.
θBS = pi/4. So, we become curious about the θBS = −pi/4 ro-
tated version of the HZ criterion (3.24). In such a rotation, in
the Eq. (3.24), Sˆy and Nˆ+ are invariant and Sˆx → Sˆz. Hence,
θBS = −pi/4 rotated version of the violation of Eq. (3.24) is
〈(∆Sˆz)2〉+ 〈(∆Sˆy)2〉 ≥ 〈Nˆ+〉/2 . (3.25)
It is straightforward to show that Eq. (3.25) is a nonclassical-
ity condition. Two 〈nˆ1 + nˆ2〉/4 terms appear in the normal
ordering in both of 〈(∆Sˆz)2〉 and 〈(∆Sˆy)2〉. Now, we try to
express −pi/4-rotated version of the HZ criterion, Eq. (3.25),
in a more recognizable form. When one notes that
〈(∆Sˆy)2〉 = 〈Nˆ+〉/4
+
∫
d2α1d
2α2 P (α1, α2)
[
i
2
(α∗2α1 − α∗1α2)− 〈Sˆy〉
]2
, (3.26)
Eq. (3.25) becomes
〈(∆Sˆz)2〉 = 〈Nˆ+〉/4
−
∫
d2α1d
2α2 P (α1, α2)
[
i
2
(α∗2α1 − α∗1α2)− 〈Sˆy〉
]2
. (3.27)
Hence, BS −pi/4-rotated version of HZ criterion is a subset of
(weaker than) the nonclassicality condition
〈(∆Sˆz)2〉 < 〈Nˆ+〉/4, (3.28)
which looks like
〈(∆nˆ1)2〉+ 〈(∆nˆ2)2〉 < 〈nˆ1〉+ 〈nˆ2〉 (3.29)
near the separable states.
We recall that DGCZ adapts the sum form (weaker)
〈(∆xˆ1)2〉 + 〈(∆xˆ2)2〉 < 1 of the noise-area. Criterion of
Mancini et al. [28] or product form of Raymer et al. [29] in the
Appendix, stronger forms of DGCZ, on the other hand, adapts
the noise-area criterion 〈(∆xˆ1)2〉 〈(∆xˆ2)2〉 < 1/4 itself. Here,
HZ criterion also adapts a sum form, 〈(∆nˆ1)2〉+ 〈(∆nˆ2)2〉 <
〈Nˆ+〉 as demonstrated above. Similarly, this is weaker than
the noise-area form
〈(∆nˆ1)2〉 〈(∆nˆ2)2〉 < 〈nˆ1〉〈nˆ2〉, (3.30)
introduced in Eq. (2.26).
We also raise another question. One may also try the
stronger form of Eq. (3.29), that is Eq. (3.30) or Eq. (2.26),
and check if θBS results a two mode entanglement criterion
which is stronger than the HZ criterion. One can check, if
a separable state ρˆ12 =
∑
k Pkρˆ1 ⊗ ρˆ2 satisfies the rotated
version
〈[∆(Nˆ+ + Sˆx)]2〉 〈[∆(Nˆ−Sˆx)]2〉
?≥〈Nˆ+〉2 − 〈Sˆx〉2, (3.31)
or a slightly weaker criterion? We numerically evaluated
Eq. (3.31) for numerous randomly generated pure entangled
states with finite superpositions of number states. We observe
that Eq. (3.31) is always violated for the entangled states.
However, owing to our deficiency in advanced mathematics,
or due to Eq. (3.31) is not a TME criterion, we could not
achieve to demonstrate that Eq. (3.31) is an entanglement
criterion.
Actually, one would not need Eq. (3.31) for entanglement
detection purposes. Because, the Simon like criterion for
number-phase squeezed like states, introduced in Sec. III.3,
would anyway be stronger than Eq. (3.31). Demonstration of
Eq. (3.31) would still be beneficial for developing understand-
ing on the structure of TME criteria.
IV. SUMMARY
In this work, we make a survey along the internal structure
of two-mode entanglement (TME) criteria. We mainly focus
on the effects of the intra-mode rotations, e.g. in the x-p
plane or n-Φ plane, on the detection efficiency of the well-
known TME criteria. We work both on quadrature-squeezed
and number-phase squeezed like states.
We present a noise-area interpretation (Fig. 1) for the TME
of Gaussian states. We show that Simon’s criterion [40] for
Gaussian states performs the optimization among the intra-
mode rotations aˆφ1,2 = e
iφ1,2 aˆ automatically. Inspired from
this observation, we obtain a Simon-like criterion for number-
phase squeezed like states. This performs the optimization
with respect to intra-mode rotations in the n1-Φ1 and n2-Φ2
planes automatically. The method can be extended also to
other types of states, e.g. amplitude-squeezed states.
Schrodinger-Robertson (SR) inequality possesses an extra
term which makes it stronger compared to the Heisenberg un-
certainty relation (HUR). TME criteria obtained from SR in-
equality, via partial transposition (PT) method, are stronger
than the ones derived using a separable form for the density
matrix [27, 28, 30]. We demonstrate that the extra term in the
SR inequality accounts (partially) for the optimization among
the intra-mode rotations. We show this both for Gaussian and
number-phase squeezed like states.
We also present some interesting observations from our nu-
merical results. (i) We calculate the entanglement strength
(logarithmic negativity EN) of a two mode state. (ii) We
also calculate the min noise-area ΩDGCZ = (∆u˜)
2 (∆v˜)2
for the DGCZ variables, u˜ = cos θxˆ1 + sin θxˆ2 and v˜ =
cos θpˆ1 − sin θpˆ2, minimized with respect to intra-mode ro-
tations aˆφ1,2 = e
iφ1,2 aˆ. (iii) We observe that the noise-area
[(∆u˜)2 (∆v˜)2]
(min)
φ1,φ1
comes equal to an initial noise-area which
is necessary for a beam-splitter (BS) to generate the EN
amount of entanglement. Output of a BS to be entangled
necessitates an initial noise-area below unity. This intriguing
observation makes us consider the possibility: if entanglement
criteria are actually search mechanisms for a noise-area below
unity? DGCZ criterion [27] (or it product form by Mancini
et al. [28]) can be obtained via max entanglement BS mixing
condition θBS = pi/4. HZ criterion [30] can also be achieved
similarly.
In addition, we present an alternative definition for TME
in terms of nonclassical depth [43] τent.
Our findings illuminate the internal mechanism of entan-
glement criteria and their connection with the nonclassicality
conditions who appear as noise-area inequalities.
We also raise some intriguing questions throughout the
text, whose answers have fundamental importance in the de-
velopment of new TME criteria which serve a basis for the
quantum technology applications.
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Appendix A: Derivation of inequality (3.23)
One can derive entanglement criteria with the help from
the method by Mancini et al [28] and Raymer et al. [29].
We consider two linearly mixed operators
uˆ = αAˆ1 + βAˆ2 (A1a)
vˆ = αBˆ1 ± βBˆ2 , (A1b)
where Aˆ1,Bˆ1 and Aˆ2,Bˆ2 are observables randomly chosen
from the subsystem 1 and subsystem 2, respectively. α and β
are any real numbers.
One can also derive a lower bound on the variance of opera-
tors (A1a,A1b) following the approach introduced by Mancini
et al. [28]. One inserts the form
ρˆ =
∑
i
Pi ρˆ
(1)
i ⊗ ρˆ(2)i (A2)
for the density matrix for separable states to obtain
〈uˆ2〉 = α2
∑
i
Pi〈Aˆ21〉i+β2
∑
i
Pi〈Aˆ22〉i+2αβ
∑
i
Pi〈Aˆ1〉i〈Aˆ2〉i
(A3)∑
i
Pi〈uˆ〉2i =
∑
i
Pi
(
α2〈Aˆ1〉2i + β2〈Aˆ2〉2i + 2αβ〈Aˆ1〉i〈Aˆ2〉i
)
(A4)
Here, 〈 〉i implies the evaluation of the expectation with the
quantum state, which has a classical statistical probability Pi
to emerge. Similar expressions can be obtained for 〈vˆ2〉 and∑
i Pi〈vˆ〉2i .
We subtract (add) the RHS (LHS) of Eq. (A4) from (to)
the RHS Eq. (A3) and obtain the variance
〈(∆uˆ)2〉 =α2
∑
i
Pi〈(∆Aˆ1)2〉i + β2
∑
i
Pi〈(∆Aˆ2)2〉i
+
∑
i
Pi〈uˆ〉2i − 〈uˆ〉2 . (A5)
The second line of this equation is always greater than zero,
due to Cauchy-Schwarz inequality(∑
i
Pi
)(∑
Pi〈uˆ〉2i
)
≥
(∑
i
Pi|〈uˆ〉i|
)2
. (A6)
This implies the inequality
〈(∆uˆ)2〉 ≥ α2
∑
i
Pi〈(∆Aˆ1)2〉i + β2
∑
i
Pi〈(∆Aˆ2)2〉i . (A7)
One can obtain the same inequality, Eq. (A7), for 〈(∆vˆ)2〉,
where the operators Aˆ1,2 are replaced with Bˆ1,2.
We use the identity a2 + b2 ≥ 2|a||b| for the real numbers
in the RHS of Eq. (A7) to obtain
〈(∆uˆ)2〉〈(∆vˆ)2〉 ≥4
∑
i
Pi|αβ|
√
〈(∆Aˆ1)2〉i〈(∆Aˆ2)2〉i
×
∑
i
Pi|αβ|
√
〈(∆Bˆ1)2〉i〈(∆Bˆ2)2〉i
(A8)
which can be rewritten as
〈(∆uˆ)2〉〈(∆vˆ)2〉 ≥
4α2β2
[∑
i Pi
(
〈(∆Aˆ1)2〉i〈(∆Aˆ2)2〉i〈(∆Bˆ1)2〉i〈(∆Bˆ2)2〉i
)]2
(A9)
using the Cauchy-Schwarz inequality. Last, we use the uncer-
tainty relation for the products of operators belonging to the
same subsystems. Finally, one obtains the inequality
〈(∆uˆ)2〉〈(∆vˆ)2〉 ≥ α2β2C1C2 (A10)
where Ci = |〈[Aˆi, Bˆi]〉|. We note that this inequality is
stronger than its sum form in Ref. [29].
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